When a substance is implanted with positive muons the precession of their magnetic moments can be used to sample the magnetic properties of the material. The information obtained is complementary to that from NMR, ESR, and neutron scattering. To date, only four user facilities exist in the world but none in the US. We explore the possibility of using the AGS complex at BNL for a µSR facility for the production of positive surface muons. With an incident proton intensity of 10 14 protons per second hitting a 200 mm long 0.5 mm thick graphite target, our preliminary design of the beam line could produce low momentum surface muons (24-30 MeV/c) with a flux of 0.9 MHz/cm 2 for experiments.
• . Ten 30 cm long quadrupoles (red) are shown in doublet pairs along the beam line. A 70 cm long separator (yellow) with perpendicular electric and magnetic fields deflects positrons and protons from the muon beam. The two vertical scrapers between the eighth and ninth quadrupoles remove deflected positrons. The few protons which make it downstream are removed by the separator, whereas pions will have decayed well upstream of the separator.
More recently, to increase the overall acceptance, we have replaced the first three quadrupole doublets in Fig. 2 with solenoid doublets (see Fig. 3 ) and shorter drifts around these new solenoids. The second solenoid of each doublet has an equal but opposite field to the first in order to cancel transverse coupling. The main parameters of such a facility are presented in Table I .
Surface muons are produced by the decay of stopped pions near the surface of a target. Typically pion beams are produced from a proton beam hitting a target of some material. Positively charged pions decay primarily (∼ 99.99% of the time) via the two-body reaction
in the rest frame of the π + , the resulting µ + momentum is given by 
i. e. with a kinetic energy of 4.1198 MeV.
Since pions have spin zero, the muons are produced with negative helicity (h = −1), i. e. with polarization opposite to the direction of motion, as shown in Fig. 4 for a simulation with a uniform distribution of at-rest π + within the target. Even though the muons from stopped pions are produced with the same momentum, the muons will lose energy as they pass through target material depending on their depth and angle of trajectory. This produces a distribution of momenta for the surface muons as shown in Fig. 5a . Due to the energy loss of muons in the production target, only muons close to the surface can escape from the target; for a graphite target, muons come from the last 0.7 mm (see Fig. 5b ).
Positive muons which stop in the target decay into positrons almost always through the decay channel
This is a three-body decay, so in the rest-system of the muon, the momentum distribution of the daughter positrons has a distribution as shown in Fig. 6a with a maximum momentum of 52.828 MeV/c that is higher than for the surface muons. Therefore the positrons from muons at rest can come from deeper within the target. Fig. 6b shows the distribution of depths of escaping positrons for from a large graphite target for evenly distributed µ + at rest within the target.
III. SOLENOIDS AND COUPLING
Before proceeding with the description of muon capture, let us review a few points about solenoids and coupling. On axis, a solenoid of length l and average radius a has a longitudinal field component given by [6] 
where B 0 is the central field expected in the limit of an infinitely long solenoid. Near the axis, the radial field component is given by
For a long solenoid, the transport 4×4 matrix may be written as [2, 7] 
with a simple rotation matrix
and symmetric focusing lens
where I is the 2×2 identity matrix, and 
Here the constant k is the central field divided by the beam's rigidity:
This decomposition of the solenoid matrix into a rotation and an uncoupled lens with equal focusing in both planes, allows reordering of the matrices for a number of solenoids and drifts where we may combine all the rotation matrices into a single rotation at either end of an uncoupled matrix, e. g.
So the overall rotation angle for a group of coaxial solenoids may be written as
and the net rotation matrix of the form Eq. 7 will become an identity matrix if Θ is some multiple of 2π. More restrictively, if we require that Θ = 0, then the solenoids will be decoupled for a particle of any rigidity. Even though Eq. 6 is given for a long solenoid (l ≫ a), rotational decomposition is more general so that the near-axis transport matrix of a general cylindrically symmetric magnetic field will be decoupled when Θ = 0.
IV. MUON CAPTURE
Low energy surface muons exit the target with a large divergence, and are captured by a group of nearby largeaperture solenoid lenses as shown in Fig. 7a . The primary proton beam enters from the side perpendicular to the solenoid axis and passes down the length of the target. Fig. 7b shows a simulation of the capture of µ + from a plane of rest π + just downstream of the target. In order to see if a longer target which was tilted relative to the solenoid axis might yield a larger effective area for surface muon production, we compared the two target configurations shown in Fig. 8 . The target in both cases was a graphite target of dimensions 400 × 50 × 6 mm. We saw no appreciable difference in the number of muons below 30 MeV/c collected in the detector downstream of solenoid 3. Even though the target is long, some muons which leave the target are bent back into the target in the tilted case. For the nontilted case, the captured muons were coming only from the about the middle 100 mm portion of the target Using the solenoid settings B sol,1 = 0.43 T, B sol,2 = −0.2 T, and B sol,3 = −0.23 T, we studied µ + capture for various locations of a point source of muons at the target. Initially, we used a point source of muons with rms opening angles having σ x ′ = σ y ′ = 0.35 mrad. Comparing the plots in Fig. 9 , we see the increase in angular acceptance with B sol,−1 = 0.43 T. The point source acceptance for a source on axis, 
increases from A(20.7
• ) = 406 msr to A(29 • ) = 787 msr because of this solenoid. For comparison, Miyake quoted an acceptance of 400 msr for the normal conducting capture solenoid of the J-PARC MLF MUSE [9, 10] . Fig. 10 shows how the number of captured muons varies for both B sol,−1 and distance of the point source from the solenoid axis. Not much is to be gained for a target longer than 200 mm. The Axial field profile through the solenoids is plotted in Fig. 11a . For a uniform distribution (200 × 100 mm) of 10,000 at-rest pions replacing the target, Fig. 11b shows that the capture efficiency increases considerably with B sol,−1 up to about 1.6 T.
We then reoptimized the solenoid fields, having constrained B sol,−1 = 1.5 T for maximum transport, while using the program syrk4track (see § X) to calculate a transport matrix and decouple the 3 m long section from the target. For the final fields,
we obtained the field profile shown in Fig 
Recalling Eq. 12, integration of the field in Fig. 12 gives 
It should be noted that the decoupling may not be quite this simple since the fringe of the end solenoid will overlap with the fringe of the first dipole.
V. SEPARATOR
While trajectories of particles with identical charges q and momentum p ref have the same radii of curvature in a perpendicular magnetic field, their velocities will depend on mass m:
where we have assumed that the reference particle moves along the z-axis. In order to separate particles of different masses, we will use the perpendicular electric and magnetic fields of a Wien filter [15, 16] . Since we have chosen to have horizontal bends, it is better to separate the beams vertically, i. e. in the plane with minimum dispersion. For a reference µ + there should be no deflection from the Lorentz force:
so for a given vertical electric field E y , the magnetic field should be
where we have assumed a hard-edged model of electric and magnetic fields of the same length. Fig. 13 demonstrates separation of protons and positrons from µ + for a 70 cm long separator with a vertical gap of 20 cm, with
While the µ + particle with initial p y = 0 does not change momentum, muons with p y = ±0.1 MeV/c change momentum by ±13 keV/c respectively, since E y dy = 0.
VI. DESCRIPTION OF BEAM LINE
We describe two versions of the beam line: 1) from the IPAC2013 paper [1] , and 2) a new design with a shorter beam line and larger acceptance from a longer target and higher field capture solenoids. A third version of the beam line with solenoidal bends was considered briefly and is described in the appendix § XI. The design of the early version of the beam line (reported at IPAC2013 [1] and shown in Fig. 2 ) is similar to the E4 beam line at PSI [11] , but uses quadrupole doublets rather than triplets for focusing. A proton beam hits a thin long carbon target placed midway between solenoids −1 and 1 (see Fig. 7 ). Surface muons are collected by solenoids 1, 2 and 3. To reduce the coupling from the three solenoids, we required that
The solenoid −1 is used to continue the field lines with B sol,−1 = B sol,1 and may also be used for beginning of a second beam line. While this does not totally eliminate the coupling since the target was located in a nonzero field region, it provides sufficient decoupling downstream at the bends and separator. Parameters of the collection solenoids and other elements are listed in Table II , and apertures are plotted in Fig. 14 . Since the simulation of the production of surface muons from a proton beam hitting a target is very inefficient, requiring days of CPU time for a decent sample, the beam line was optimized with monochromatic particles (µ + , e + , π + , K + , and protons) of momentum 27.972 MeV/c originating just downstream of a 100 mm long, 50 mm high, 6 mm thick graphite target. For this we used a "rectangular" beam generation in G4beamline for a uniform initial position of 100 × 50 mm in x and y and with rms divergences: σ x ′ = σ y ′ = 100 mrad. We found that all the π + (lifetime: τ = 26 ns) and K + (τ = 12 ns) decay well before reaching the separator, and protons are lost inside the scraper (see Fig. 13 ). Any neutrals or negative particles get removed by the sector bends. What is left are the µ + and some e + which have been deflected as shown in Fig. 15 . 
B. Most recent version (Design II) of beam line
More recently, in order to improve the acceptance for the longer 200 mm target and larger divergences which can be captured with higher solenoid fields of Eqs. 14-17, we have shortened some drifts and replaced some of the quadrupole doublets with pairs of solenoids. The two solenoids of each pair have equal but opposite fields in order to cancel coupling. Parameters for this design are given in Table III and apertures are plotted in Fig. 16 These field values in Table III correspond to a beam of monochromatic muons of momentum 29.792 MeV/c.
VII. OPTIMIZATION OF THE TARGET WIDTH AND THE PROTON BEAM
As we noted in § II (see Fig. 5b ) surface muons from stopped pions only come from within a depth of 0.7 mm of a graphite target. Fig. 17 shows the momentum distributions of µ + and e + detected just downstream of a 6 mm thick target for two different settings of the capture solenoids. In both cases the positrons greatly outnumber the muons in each momentum bin. The higher fields discussed in § IV remove the broad low momentum (< 14 MeV/c) positron peak in Fig. 17a , and yield an increase for higher momenta for both µ + and e + . By using a thinner target the positron yield may be decreased relative to the muon yield as demonstrated in Fig. 18 . Reducing the target thickness will also decrease the overall heating of the target. Table IV lists With the 0.5 mm thick, 200 mm long graphite target, a simulation with a low divergence beam showed a large falloff of secondary particles down the length of the target (see Fig. 19 ). This beam was produced 401 mm upstream of the leading target edge by the internal generator of G4beamline with σ x = 0.25 mm, σ x ′ = 0.001, and σ y = 10.0 mm, σ x ′ = 0.0001. These emittances are too small for a high intensity proton beam from the AGS (πǫ 95% N,h ∼ 3.6π µm and πǫ 95% N,v ∼ 14π µm). A more realistic beam would have normalized 95%-emittances of 50π µm in both planes, and we would also expect to focus the beam onto the target. In order to provide a beam of the correct shape with a waist at the middle of the target, a simple program was written to create a file of beam tracks with the desired emittances and Courant-Snyder parameters. We verified the beam distribution by modeling the target with a small gap in the center and extra detectors along the proton beam as shown in Fig. 20 .
The rms beam sizes of the generated beam are shown in Fig. 21a . Horizontal profiles at x = −100, 0, and 100 mm in Fig. 21b for a beam of 10,000 protons demonstrate that with no target the waist is centered at x = 0. A similar computer run with the target used as a perfect absorber (Fig. 21c) shows that a large portion of the protons will pass through the target volume. With the particles allowed to interact in the target, we get the distributions of protons (other secondary particles have been filtered out for this plot) in the detectors as given in Fig. 21d . Comparing the distributions' tails at the ends of the target in b) and d) we see that the multiple horizontal scattering is negligible in the horizontal plane for a beam with this large a divergence. Using several days of CPU time on an elderly computer, we collected tracks on a virtual detector just downstream of the target for almost 53 × 10 6 protons on target with solenoid fields as given in Table III . The only track cuts which were instituted for this collection were to remove neutrinos and antineutrinos since their likelihood of interaction is miniscule. We then filtered the generated tracks just downstream of the target for specific particles and obtained a sample of 7536 µ + and 31209 e + which could be used for tracking through the beam line. Another sample of 1.39×10 6 π + was also filtered. Fig. 22a shows the distributions of muons and positrons created along the length of the target. Notice that the centering of the peaks is much better than in Fig. 19 . In Fig 22b we see that the momentum distribution of muons peaks up above the pions and positrons in the region of interest for surface muons (25 to 30 MeV/c).
Since the beam line was initially tuned using monochromatic µ + of momentum 29.792 MeV/c, i. e. the maximum expected from a pion at rest just at the surface of the target, we could expect that the optimum settings for the magnets would be slightly lower for best collection and transport of the muon beam. Fig. 23a shows the momentum distributions at the end of the beam line for a subsample of 36.3 million protons on the target with the beam line set for 29.792 MeV/c. A scan of muon transmission versus field-strength scale factor (see Fig. 23b ) which was fit to a parabola gives the optimum field scaling at 94.0% corresponding to 28.00 MeV/c.
After rescaling the fields, the filtered µ + and e + beams from the full 52.9 million protons were tracked through the beam line with the transmission numbers as listed in Table V . Fig. 24 shows the momentum and xy distributions at the end of the line. 
and 100 MHz for positrons at then end of the beam line. By using a thin 0.5 mm thick graphite target, we greatly reduce the production of positrons while keeping the surface muon production high. This thinner target also reduces the heating of the target, so that it should easily be radiatively cooled. This does require a proton beam which is focused onto the center of the target with a high horizontal divergence; the high divergence also minimizes the effect of multiple scattering of the proton beam.
B. Target heating
A simulation with 10,000 protons on target gave the amount of energy deposited in the target and solenoids as shown in Table VI . The power deposited for a rate of 10 14 proton per second is also shown with the target receiving about 500 W of heating from the beam.
To understand the target heating profile, we divided the target into 9.9 mm strips separated by 0.1 mm gaps and ran a simulation with 10 5 protons and no magnets. The result is the histogram of deposited power scaled for 10
14
protons per second shown in Fig. 25 . The summed power from all twenty strips was 498 W which would should be scaled up to 503 W to account for the 1% of graphite which should fill in the gaps. Ignoring conduction and only considering radiation, we may estimate the maximum temperature T from the Stefan- Boltzmann law for black-body radiated power 
With P = 55 W in the central 1 cm strip, we obtain T max ≃ 960 K for a rate of 10 14 protons per second. For a reduced emissivity [4] of 0.8, this temperature would only increase to 1010 K. Any sublimation from graphite at this temperature is probably insignificant since graphite with a temperature of 1600 K has only a vapor pressure of around 10 −9 Torr [14] and drops off quite substantially for lower temperatures [4, 14] .
VIII. REDUCING THE HEIGHT OF THE PROTON BEAM
By reducing the height of the proton beam on the target we may increase the number of muons passing through the aperture of the separator and reaching the last detector. To do this, we first calculated a reference trajectory for the proton beam passing through the magnetic field of the capture solenoids. The reference trajectory was fit to a parabola y r (x) = a + bx + cx 2 which was then subtracted from our previous samples of 7536 µ + and 31209 e + (see Fig. 26 ) that had been collected from 52.9 × 10 6 protons with a vertical waist of σ * y (x = 0) = 10 mm. These differences ∆y i = y i − y r (x i ), for the i th particle, were then scaled to a distribution with σ * y = 1mm by multiplying by square root of the ratio of beta-functions (for a 1 mm waist instead of the original 10 mm waist). Adding back the reference trajectory y r (x), we obtained the green distribution shown in Fig. 26a . Finally, to simulate the proton beam being steered onto the target's center, we added a straight line y(x) = A + Bx to the distribution (Fig. 26b) .
With an additional 100 cm 2 area circular detector (radius= 56.4 mm) placed 10 mm behind the 20 th detector (at s = 16.176m), we retuned the last pair of quadrupoles (see last column of Table VII) to peak up the muon intensity Fig. 27b shows that backtracking the final muons in detector 21 back to the target indicates that a shorter target (10-15 cm long) could be used. 
IX. CONCLUSIONS AND COMMENTS
We have designed a beam line for the production of surface muons which could be used at BNL using the proton linac, Booster, and AGS as a 1.5 GeV (kinetic energy) proton source. Two variations were presented, with the second improved design having a length of 15.2 m and longer 200 mm target. Assuming a proton rate of 10 14 protons per second, we estimate the rate of µ + at the end of the line to be 660 MHz, with a contamination of positrons at 91 MHz, thus giving a muon to positron ratio of 7. This µ + rate is higher than the demonstrated rates for the four existing sources (at RAL, J-PARC, TRIUMF, and PSI); however the beam is transversely quite large at the end of the line and is not completely usable for a typical experiment.
With a 2 mA proton beam (1.25 × 10 16 protons/s) in the µE4 beam line at PSI [11] , we estimate their flux to be about 22 × 10 6 cm −2 s −1 (averaged over 9 cm 2 ), or 1.7 × 10 −9 µ + cm −2 s −1 /proton. For our Design II beam line, the corresponding flux per proton is 8.7 × 10 −9 µ + cm −2 s −1 -five times larger. By using a 0.5 mm thick graphite target, we can minimize the production of background particles while keeping the µ + production high, thus greatly reducing the number of positrons produced. Additionally the energy deposited in a thinner target (500 W) can be cooled through radiation. The thin target will require a high divergence proton beam which should be focused with a σ h = 0.25 mm waist at middle of the target.
With the final field strengths, the separator does not seem to work as well as hoped. This is partly due to a shift of the vertical dispersion peak after massive retuning of the line; the first scraper (C1) was originally located at the peak of the vertical dispersion at quadrupole Q8, but now the peak is at the last Q10 as shown in Fig. 28 . Clearly some more optimization of the beam line should increase the µ + /e + ratio at the end of the line. Changing the bend angles (particularly reducing B3) could reduce the horizontal dispersion and aperture requirement at the separator.
X. APPENDIX: SYRK4TRACK PROGRAM
The C++ program syrk4track was originally written to track the trajectory and spin through the helical dipoles of the RHIC Siberian snakes and spin rotators. Unlike magnets with transverse magnetic fields which can be specified by a vector potential with only a longitudinal component, the vector potential for a helical dipole has both transverse and longitudinal components. The Hamiltonian H(x, w x , y, w y , z, w z ; ct) = w − q A p 0
where the canonical momentum is given by
leads to the equations of motion: 
For a reference trajectory the integration is done by a 4th-order implicit Runge-Kutta integrator using a GaussLegendre algorithm. However for a trajectory along the axis of a set of coaxial solenoids, the choice of integrator for the reference trajectory is really unimportant since the magnetic field is parallel to the trajectory along the axis.
To obtain a transport matrix along the reference trajectory a matrix of second partial derivatives of the Hamiltonian
Then for a small integration step c δt, the symplectic transport matrix is calculated from the recursion M(t n+1 ) = e SC(t) c δt M(t n ),
starting from the identity matrix M(t 0 ) = I.
XI. APPENDIX: SOLENOID BEND
One other beam line design which was briefly considered replaced the sector bends of Design II with a solenoidal bend composed of short solenoids segments with each successive segment rotated about the vertical. Fig. 29 shows an example of a 40
• bend made from eight solenoid segments. Alternating the sign of the field in the segments gave considerable loss of particles. With the fields aligned in the same direction, there is a net coupling in each bend. The vertical drift seen in Fig. 29b can be compensated by tilting each segment slightly about the radial axis; however this tilt depends on the field strength. Fig. 30 shows a simulation of µ + (dark blue) and e + (cyan) passing through a section of beam line with three solenoid bends. Here the longer solenoid doublets between the bends are used for focusing the beam in the straight sections and each pair has opposing fields. We did not pursue this type of bend, since it seems that tuning the field strengths could be problematic with the beam wandering around considerably. There is no solid reference trajectory for the solenoid bend, such as we have for a more conventional dipole bend.
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